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The optimal control structure has been introduced as a design tool to measure the
control-law nonlinearity of a given process design. In this context, control-law nonlin-
earity is the optimal degree of nonlinear compensation in the controller, a system prop-
erty distinct from open-loop nonlinearity and determined by a performance objective
and the region of operation as well as the nature of the open-loop system. This ap-
proach is extended to the analysis of multivariable systems with output feedback through
the application of an extended Kalman filter. Coherence estimation is used as a practi-
cal method to measure continuous, open-loop multivariable system nonlinearity. The
CSTR with van de Vusse kinetics, a system that features output feedback and a control-
law nonlinearity that changes with operating points, is analyzed. The optimal control
structure approach with coherence estimation correctly indicates changes in the control-
law linearity between different operating points and changes as the regions of operation
change around a particular operating point.

Introduction

Process design engineers are being called upon to increase
process integration in the face of increased economic de-
mands. However, there is little existing art to bridge the gap
between process design and control. At best, this engenders
an iterative process, where design and control concerns alter-
nate, and at worst leads to no consideration of control con-
cerns by the design engineer. The key difficulty is that there
is no practical, standard method to evaluate the operability
of competing plant designs.

In Ogunnaike et al. (1993), an approach was proposed to
classify systems based on three control-relevant criteria: (1)
process nonlinearity; (2) the dynamic character of the
process; and (3) the degree of multivariate interaction. These
attributes form the axes of a three-dimensional (3-D) space
defined as the process characterization cube. Different con-
trol strategies may be related to specific regions in the 3-D
space, thus forming a mapping between the space of the pro-
cess systems and appropriate control schemes. While appro-
priate measures for dynamic character and degree of interac-
tion exist (for example, pole-zero location and relative gain
array (RGA), respectively), a measure for the degree of non-
linearity remains an active area of research.

Correspondence concerning this article should be addressed to F. J. Doyle III.
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Open-loop nonlinearity measures

Previous attempts to assess process nonlinearity have fo-
cused upon the development of open-loop nonlinearity mea-
sures, and have assumed, albeit implicitly, that the appropri-
ate control law should fully compensate for, or equal, the
open-loop nonlinearity. Some of the earliest work in this area
is detailed by Haber (1985), in which he described ten com-
putationally tractable methods for measuring nonlinearity
from input—output records. In general, these methods are
based on a quantification of the violation of properties that
are known to hold for linear systems. An example for such a
property is the coherence function. While coherence estima-
tion has been used for some years in other fields (Carter,
1993), its application to chemical engineering studies has been
limited to the detection of unmodeled disturbances in dis-
crete time systems (Pearson and Qgunnaike, 1994a,b). Unlike
most of the nonlinearity metrics described below, it provides
frequency-dependent information. Moreover, as detailed in
the third section, the estimation procedure is relatively
straightforward. Coherence analysis alone (when applied to
the open-loop process operator) can lead to incon-
sistent ranking of nonlinear systems, hence, more compli-
cated methods have been proposed.

Abstract-operator-based methods have been proposed by
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Nikolaou and Hanagandi (1993) and Ogunnaike et al. (1993).
In the former, an inner product is defined, and a model’s
departure from an optimal linear approximation is assessed.
Notably, the inner product can be iteratively computed to a
desired standard deviation. However, it is difficult to relate
the results to process fundamentals, performance objectives,
or to changes with the region of operation. In the second
method, gain change estimates are quantified over a region
of operation. However, this method only measures static non-
linearity, making its use for assessing dynamic control sys-
tems unclear. Allgéwer and Gilles suggest two approaches,
one relying on the invariance of linear systems under a Hilbert
transform (Allgdwer, 1995), and the second on convex opti-
mization (Aligéwer and Gilles, 1992). The latter involves the
assessment of system nonlinearity over a given region of op-
eration, and includes practical methods to estimate bounds
on the measure. Another contribution to the area of nonlin-
earity characterization has been advanced by Guay et al.
(1995). In this work they recognize two versions of nonlinear-
ity: open-loop and control-law nonlinearity. Elegant scale-
independent measures of directional and root-mean-square
curvature are proposed, and specific control strategies to
compensate for particular nonlinearities are presented. These
results are limited to static nonlinearity, more recent exten-
sions to dynamic nonlinearity have been proposed (Guay,
1996).

Closed-loop performance issues

In the context of nonlinearity measures it is of course also
of interest to capture the influence that nonlinearities have
with respect to achieving certain performance goals in the
closed loop. Sometimes this is referred to as control-relevant
nonlinearity. For instance, one issue that has received consid-
erable attention in the recent literature is the determination
of the appropriate application of nonlinear vs. linear control
for a particular problem.

From the perspective of stabilization, the relevant question
is: Does there exist a nonlinear (or linear) controller that
guarantees a particular type of stability (e.g., input—output)?
A nice review of work that addresses this question is pro-
vided by (Poolla et al., 1990), in which a more difficult prob-
lem is also addressed: robust stabilization. In an effort to de-
termine whether time-varying nonlinear control is vastly su-
perior, or only marginally superior to linear time-invariant
control, they suggest the plant uncertainty principle. A very
simplified summary of their findings is that parametric uncer-
tainty favors the application of nonlinear control, while dy-
namic uncertainty favors the application of linear control.

The next level of analysis would address performance of a
controlled system with a typical question being: Does a par-
ticular plant benefit significantly from the application of non-
linear (vs. linear) control to achieve a specific performance
objective? For instance, it is well known that the optimal con-
troller to a quadratic objective function for a linear known
plant without constraints and subject to additive Gaussian
white noise is a linear controller (Kwakernaak and Sivan,
1972). However, if any of these conditions are not satisfied
(e.g., nonlinear plant, nonquadratic objective function, or sat-
uration constraints), experience shows that in many cases a
nonlinear controller will yield considerable improvement over
a linear controller (Bernstein, 1993).
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The issues of stabilization and closed-loop performance are
clearly tied to the intrinsic characteristics of the particular
process in question. Indeed, as demonstrated by J. Doyle et
al. (1993), Morari and Zafiriou (1989), F. J. Doyle et al. (1991),
and Shinskey (1988), there exist classes of nonlinear plants
that are optimally and robustly controlled by a linear con-
troller. Clearly, a simple analysis of the open-loop system does
not include all the information needed to determine the con-
trol-relevant nonlinearlity of a system. In particular, it does
not include the effects of a performance objective or the costs of
control action. In this article, we describe the application of a
nonlinearity measure that incorporates the region of opera-
tion, process description, and the closed-loop performance
objective. The approach is demonstrated on a complex chem-
ical reactor benchmark problem.

Simple motivating example

As described earlier, the open-loop nonlinearity does not
correspond to the nonlinearity of the best control scheme for
many systems. Consider the regulatory problem for the heat
balance of a perfectly mixed batch reactor (F. J. Doyle et al.,
1991; Morari and Zafiriou, 1989):

dT
Cp—r =(=AH)r —UA(T - T))
r = kye AT, (D

where the nomenclature is defined in Table 1.
The nonlinear reaction term r can be linearized as

r=r'+kAT~T,), 2)

where k. (T)= dr/dT, which varies nonlinearly with temper-
ature. Note that this is a local linearization, not a global ap-
proximation. This results in the following transfer function
between T, and T:

UA/C
T(s)=——T.(s), 3)
s+a
where
UA+AH k,
a=—", 4
G,

The pole uncertainty in Eq. 4 arises from the term k(7).
Letting the possible values of a be represented by a norm-
bounded perturbation, A g, weighted by w, gives

Table 1. Notation for the Perfectly Mixed Batch Reactor

T Reactor temperature (§(®))

T. Coolant temperature °C)

r Reaction rate (mol/s)
AH, Heat of reaction (J/mol)
C Heat capacity of fluid in reactor 3,0

U Overall heat transfer coefficient J/5°0)
E/R Energy of activation/gas constant Q)

ky Preexponential term {mol/s)
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a=a(l+r,Ap), |Agl<l, Agreal, &)
where 4 is the nominal pole location and r, is the relative
uncertainty of a. This uncertainty may be expressed as an
inverse multiplicative perturbation (7 + wzA£) ™!, so that the

family of uncertain plants is given by:

1 1 1
s+a s+a l1+wgAp’

(6

where

e

1+s/a’

®

we(s) =

Similarly, neglected high-frequency dynamics can be modeled
with an output multiplication uncertainty with perturbation
A, and weighting w,,. Using these uncertainty models, ro-
bust stability is guaranteed if and only if

Iwgél + lwhl <1. 9)

Ordinarily, there is a trade-off between robust stability and
performance, since € + 7= 1. The sensitivity function, &, re-
flects the effect of disturbances on the plant output, with
smaller values corresponding to better disturbance rejection.
The complementary sensitivity function, 7, relates the set-
point to the output, with 9 =1 representing perfect setpoint
tracking. Usually, good setpoint tracking and disturbance re-
jection (é =0, 7 =1) are limited by an upper bound on 7
imposed by mode! uncertainty (Morari and Zafiriou, 1989).
In other words. the permissible values of w, are constrained
by the values of w,, at a given frequency. However, since it is
assumed in this particular uncertainty formulation that there
are no neglected high-frequency dynamics, w, = 0, and there
is no effective upper constraint on %. The robust stability cri-
terion becomes

Iwgél <1, (10)

and, since the plant is minimum phase, may be satisfied for
any fixed value of w; by making the sensitivity function €
small, equivalent to using linear control with arbitrarily large
gain.

Consider the implications of this example. An approach
based on analyzing the open-loop plant operator will deter-
mine that the system is nonlinear. However, the system is
robustly and optimally controlled by a linear controller. This
motivates the definition of control-law nonlinearity as a prop-
erty separate and distinct from open-loop nonlinearity (Stack
and Doyle III, 1995). Under this definition, control-law non-
linearity is determined by three factors: the open-loop sys-
tem, the performance objective, and the scaling or region of
operation of the system inputs and outputs. In (Stack and
Doyle III 1995), analysis of the optimal control structure
(OCS) was introduced for the assessment of control-law non-
linearity. The batch reactor described earlier was analyzed
using the OCS approach in (Stack, 1995), with results that
are in agreement with the analysis given before. The previ-
ously cited application of the OCS approach was limited to
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single-input, single-output (SISO) state-feedback systems.
In this article, it is extended to a richer and more practical
case—the continuous stirred-tank reactor (CSTR) with van
de Vusse kinetics, with multivariate and output feedback fea-
tures. The van de Vusse reaction scheme, consisting of com-
petitive series and parallel reactions, carried out in a CSTR
has been studied by many researchers (Chen et al., 1995; En-
gell and Klatt, 1993a,b; Ogunnaike and Ray, 1994; van de
Vusse, 1964), and has become an unofficial benchmark (Chen
et al., 1995) for nonlinear control studies. A model of the
production of cyclopentanol from cyclopentadiene, it exhibits
a wide range of nonlinear dynamic behavior, and over the
range of operating conditions fits into six of the eight cate-
gories described earlier for the process characterization cube
(Ogunnaike and Ray, 1994). It is analyzed for both the state-
and output-feedback formulations below in the subsection ti-
tled “CSTR with van de Vusse case study.”

0oCs

The approach to control-relevant nonlinearity characteri-
zation employed in this work is based on the idea that such a
quantity must reflect the degree of nonlinearity in some ap-
propriate control structure. Of course, this requires some a
priori specification of a particular control structure (e.g., in-
ternal model control, proportional integral derivative (PID),
model predictive control) that may in fact lead to a biased
computation of the control-relevant nonlinearity. In particu-
lar, the chosen control structure may lack a sufficiently rich
behavioral character that would be required to express ap-
propriate control action to achieve a particular performance
objective. Consequently, we have chosen in this article the
classical nonlinear optimal control structure (Ray, 1990) as a
basis for control design. Such a choice imposes minimal a
priori assumptions about the feedback architecture other than
the existence of a state-space process model and the avail-
ability of state measurements (for feedback).

The procedure used is based upon Pontryagin’s maximum
principle (Pontryagin et al., 1962). The ideas behind this pro-
cedure as well as the closely related dynamic programming
have been used in the chemical engineering community since
before the 1960s; for a detailed treatment see, for example
Aris (1961), Roberts (1964), and Lapidus and Luus (1967). It
is currently used in fields as diverse as process design (Seider
et al., 1991), operation (Tieu et al., 1994), and scheduling and
planning (Bhalla and Bower, 1993). Within the process-
control field, these ideas underly the nonlinear model predic-
tive control (MPC) approach (Li and Biegler, 1988; Garcia et
al., 1989; Rawlings et al., 1994), where the optimal control
action minimizing an error trajectory to a given time horizon
is recalculated and implemented every step.

Analytical derivation of an optimal controller is a two-step
process. First, the structure of the controller is derived using
Lagrangian optimization, as detailed in the following theo-
rem.

Theorem 1: Weak Maximum Principle (Ray, 1990). Con-
sider the objective function I {Eq. 12, consisting of dynamic
(F(x, U)) and endpoint (G(x(t,))] conditions, subject to the
constraints in Eq. 11:

%= f(x,u), x(0) = x, (11)
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1u()]= G(x(tf))+f0"F(x,u) dr. (12)

The control u maximizes the objective I only if Eq. 13 is true
for unconstrained portions of the path, where the Hamilto-
nian H is defined by Eq. 14 and is maximized along the con-
strained portions of the path:

JH
du

H=F(x,u)+ Af(x,u). (14)

=0 (13)

The time-dependent Lagrange or adjoint multipliers A are
defined by

daT JH

—_——— 15
dt ox (15)

Equation 16 holds for state variables unspecified at ¢ = ¢,

A )—06 (16)
ltf —’é‘X_-‘.

i

It is also necessary that H(¢) remain constant along the opti-
mal trajectory, and that H(¢) take a constant value of zero if
the final time ¢, is unspecified. [ ]

These results provide necessary but not sufficient condi-
tions for optimality. Stronger results can be obtained with
the strong maximum principle, which is sufficient under cer-
tain convexity conditions (Ray, 1990). This yields a structure
and control settings at the final time. However, the initial
control law settings must be obtained by solving a two-point
boundary-value problem (TPBVP). Many numerical methods
exist to approximate these values (Lewis, 1992; Press et al,,
1992; Tierno et al., 1995). Hicks and Ray (1971), as well as
Allgéwer (1995), avoid this step by synthesizing optimal con-
trollers, and recommend approximate solution methods in-
volving the optimization of parameterizations of the control
law.

In a similar spirit, we seek an approximation to the optimal
control formulation for the purposes of nonlinearity mea-
surement. While the general optimal controller yields a solu-
tion with minimal presupposition about control architecture,
it does not admit a convenient causal operator for nonlinear-
ity analysis. In particular, the optimal control solution corre-
sponds to one specific trajectory that requires the TPBVP
solution to be evaluated in a closed-loop with the plant oper-
ator. Consequently, we extract the mathematical structure that
underlies the optimal control solution, and examine the re-
sponse of this operator to a family of input signals. The ap-
propriate definition is as follows.

Definition 1: Optimal Control Structure. The OCS, de-
noted I, derived using Lagrangian optimization and a linear
quadratic performance objective, is given by the differential
equations describing the time-dependent multipliers and the
algebraic equation for the partial derivatives of the Hamilto-
nian with respect to u:

[ 2) )

ax
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ula = A"( (18)

of )
oul’

In this way, we aim to approximate the nonlinear behavior
of the optimal control solution over an operating regime.
However, it is important to note that such an analysis will, in
general, yield an upper bound on the nonlinearity measure.
This is due to the fact that through an analysis of the region
of operation many possible trajectories are considered (in ad-
dition to the one “optimal” solution), and consequently solu-
tions with higher nonlinear character may influence the cal-
culation.

Analytical determination of the OCS with a quadratic per-
Jormance objective

The version of the OCS specifically used in this article is
based on a quadratic performance objective, and is derived
here. Assume the following general state-space model of the
system dynamics:

x=f(x,u) (19)
and the following quadratic performance objective (x and u

are deviation variables):

1
min — [“(xTx + u” au) dr, 20)
u 27

where a =diag(a, - a,,) is a matrix of cost factors. Using
Theorem 1, the performance index is minimized by z, which
solves the following sequence of equations:

. g

/\T=—xT—/\T(;—£) 21
d

wlo = AT ( 55) (22)

A1) =0. (23)

Remark 1. Note that for use of representation, we have
chosen the standard quadratic objective function for this
derivation. The approach extends in a straightforward man-
ner to a much broader class of problems. A nice theoretical
treatment of this operator formulation for more general
problems is given in Rouff and Lamnabhi-Lagarrigue (1986).

By Definition 1, Egs. 21 and 22 comprise the OCS. This
formulation involves no assumptions about the control-law
structure that would bias the results beyond the assumption
of a static-state feedback controller. Analyzing the nonlinear-
ity of the relationship between inputs x and outputs «, by
any open-loop method that evaluates the effect of scaling
should give an assessment of the control-law nonlinearity of
the system and performance objective pairing. Note that the
control variable and states for the original state-space model
become the output and input for the OCS.

As mentioned earlier, the optimal control design requires
the solution of at TPBVP to determine the initial point. Simi-
lar to MPC, stability is guaranteed by solving for the initial
point from the assumed endpoint solution (Rawlings et al.,
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1994). However, the OCS approach is concerned with the
nonlinear dynamical structure of the controller, not the par-
ticular control action specified by unique end- and initial
points. Hence, the OCS (independent of initial and endpoint
conditions) facilitates computationally tractable analysis of
the control-law nonlinearity.

It is important to note that the resulting nonlinear dynami-
cal system of the OCS is no longer guaranteed to be stable.
If, in particular, the open-loop controller is completely unsta-
ble (i.e., all of the poles associated with the Jacobian lin-
carization lie in the right-half complex plane), it is possible to
use a “reverse-time” stable system approximation. In effect,
the substitution #= —1¢ is made into the original nonlinear
differential equations. The pole locations are reflected across
the imaginary axis to their corresponding position in the op-
posite half-plane. A similar approach is used in F. J. Doyle et
al. (1992) to derive an optimal minimum-phase approxima-
tion to a maximum-phase nonlinear plant. As shown in that
reference the resulting “time-reversed” approximation re-
tains the essential nonlinear character of the original plant.
In the event that the Jacobian of the OCS structure has poles
in both the left- and right-half complex plane, then the co-
herence analysis may require modification for the resulting
nonstationary system behavior. This issue is discussed further
in the subsection titled “Nonstationary data” below.

Introduction to Coherence Measurements

The magnitude-squared coherence (also referred to as sim-
ply “coherence” between stationary random processes u(¢)
and x(¢) is given by (Bendat, 1990; Carter, 1993):

1S, (f)1?
2 -
Yux () S 5.’ Q4

where S(f) are the two-sided cross-spectral density functions
defined by

1
Splf) = ZEIY* (W], —o<f<e  (25)

Consequently the coherence can be interpreted as the frac-
tion of the mean square value of the output, u, that can be
accounted for by a linear relationship with the input x, at a
given frequency. Conveniently, the coherence, ¥2(f), is
bounded by zero and one, and equal to unity at frequencies
where the relationship between u(#) and x(¢) is linear. Co-
herence suppression may actually come from a number of
sources: noise in the input and output measurements, un-
measured disturbances, nonlinear relationships, between u(¢)
and x(7), and, if the coherence is estimated and not derived,
errors from the coherence estimation process. In the frame-
work considered in this article, exact values for the input and
output and a complete system model will be known. This
leaves a nonlinear relationship between the input and output,
along with coherence estimation errors, as the causes for co-
herence suppression.

For purposes of illustration, consider some general trends
in the coherences of particular functions and models. As
low-order odd nonlinear functions can be more closely ap-
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Figure 1. Coherence analysis for x=—-u"-2x, n=1
(+’s), n=2 (solid), n=3 (dot), n=4 (dash-dot),
and n=5 (dash).

N =16,384; 6,2 =6.25; 1, = 0.05; & = 0.01; § = 256.

proximated by linear functions than all even functions, there
is a difference between the coherences of even and odd non-
linearities. Figure 1 shows the coherence for a system of the
form x= —u"—2x for varying values of n. Note that the
frequency scale is normalized to the Nyquist frequency. The
linear function (n = 1) has a coherence of one for all frequen-
cies. As expected, the coherence decreases for odd nonlinear-
ities of higher order (n = 3, 5). However, all even nonlineari-
ties (n =2, 4), including the lowest order even nonlinearity
(n = 2), have a coherence near zero.

Hammerstein and Wiener models are often used to model
physical systems (for chemical engineering examples, see Es-
kinat et al. (1991), Ouarti and Edgar (1993), Zhu and Seborg,
(1994)). As shown by Pearson and Ogunnaike (1994a), Ham-
merstein systems have coherences that are invariant with fre-
quency, while Wiener models have coherence functions that
decrease at higher frequencies. Figure 2 shows coherence re-
sults for a Hammerstein model (¥ = — 4> —2x, y=x) and a
Wiener model (¥ = —u—2x, y = —3x/A10+8x)). These re-
sults suggest that if the OCS of a particular system resembles
one of the curves in this figure (i.e., flat-frequency depend-
ence, or characteristic roll-off), then it may be appropriately
regulated with a controller that has the corresponding Ham-
merstein or Wiener structure.

Numerical calculation

Data for use in the coherence estimates in this article were
generated using a Euler integrator on MATLAB. The input
data used are white-noise signals, with variances set to ac-
count for the effects of scaling, as described in the subsection
titled “Region of operation (scaling).” The actual signal gen-
erators are not perfect white-noise sources, and in particular
the power spectral density falls off as the frequency ap-
proaches zero. As a result, the coherence estimates in this
work also decrease as the frequency approaches zero, regard-
less of the nonlinearity of the system being tested.
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Figure 2. Coherence analysis for Wiener system (solid)
and Hammerstein system (dash).
N =16,384; 0, =6.25; t,= 0.05; h=0.01, S = 256.

Following the weighted overlapped segment averaging
(WOSA) method (Carter, 1993), the input and output data
are divided into segments, with a 50% overlap between adja-
cent segments, which are detrended. For example, for 32-
point segments, the data would be grouped as points 1-32,
17-48, 33-64, and so forth. Each segment is then multiplied
by a Hanning weighting function (Little and Shure, 1992), and
a fast Fourier transform (FFT) is performed on each seg-
ment. The magnitude-squared values are time averaged over
each frequency bin to obtain the power spectral densities of
the input and output [S,,(f) and S,,(f)], while the products
are averaged to form the cross-spectral density S, (f). The
coherence is then calculated as in Eq. 24.

The coherence analysis performed in this work will prefer-
ably use segments of 256 points to achieve resolution. How-
ever, if the data are nonstationary, as described in the sub-
section on nonstationary data, a segment of a differing length
is preferable. The sampling and integration rates must be
chosen judiciously. While it is important to sample fast
enough to include all relevant frequencies, sampling at too
high a rate can obscure low-frequency information. There
should be a number of integrations per sampling period to
generate accurate simulations. However, the number of feasi-
ble calculations are limited by the available computing power.

Variance, bias, and confidence intervals of the coherence
estimate

The variance, bias, and confidence intervals of the magni-
tude-squared coherence estimate depend on two factors: the
number of FFT segments used, and the true coherence value
(Carter, 1993; Carter et al., 1983). Not surprisingly, the vari-
ance and bias of the estimate decrease as the number of seg-
ments is increased. The probability density functions for true
coherences on the order of 0.3 to 0.6 are Gaussian in form,
and are more peaked outside this region. The maximum vari-
ance occurs at a true coherence of 0.3. The maximum bias is
the reciprocal of the number of FFT segments averaged, and
occurs at y2=0.
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While multiplication by a Hanning weighting function is
necessary to reduce side lobes and increase the peak resolu-
tion, it also causes data to be lost at both ends of the data
segment. Thus, it is desirable to overlap the data windows so
the data are used in an efficient manner. The effect of vary-
ing the percent overlap on the variance and bias of the esti-
mate has been investigated in (Carter et al.,, 1983), and di-
minishing returns are seen for overlaps of greater than 50%.

The standard deviations of the estimates depend upon the
number of segments used as well as the true coherence value.
In all cases, the coherence plots is this work use 8,192 points
divided as described before into 256- or 32-point windows,
resulting in the use of 63 and 511 segments, respectively.
While calculating confidence intervals is not a straightfor-
ward exercise, graphs of confidence intervals for various esti-
mates may be found in Carter (1993), and using the empirical
results from Benignus (1969), the 95% confidence intervals
for the graphs employing 32-point windows should be less
than +0.04, while for the 256-point windows they may be less
than +0.1.

Nonstationary data

The WOSA method of coherence estimation is strictly lim-
ited to stationary time series. However, in general physical,
nonlinear systems will generate nonstationary outputs (White
and Boashash, 1990). Despite this, nonstationary systems can
be analyzed by the preceding methods if it can be assumed
that the signals are quasi stationary over the length of the
windowed segments (Flandrin and Escudié, 1984; Oppen-
heim, 1970). If {s(¢)} is a sequence such that the following
limits exist (Ljung, 1987):

)] Els()]=my(t)
(i)  Els(0)s(r)]=R(z,7)

Im{)l<C Vi
IR(t,r)| <C, (26)

then {s(+)} is quasi stationary, where F is the expectation op-
erator. These conditions imply that the mean and covariance
function of the sequence should be bounded by C. This is
roughly equivalent to stipulating that the system must have a
bounded output.

However, this definition of quasi stationarity is very gen-
eral, and may be met for any bounded output by a suffi-
ciently large choice of C. Thus, it does not suggest a practical
measure for stationarity. Instead, run tests may be used to
assess the stationarity of three signal attributes: mean value,
mean square value, and frequency structure, as measured by
the half-period time interval or time between successive base-
line crossings (Bendat and Piersol, 1986; Cohen and Sances,
1977). The run test (Walpole and Myers, 1989) is a nonpara-
metric procedure that tests for evidence that a sequence is
nonrandom. The observed values are separated into two ex-
clusive categories, and the number of runs or changes in cat-
egory are determined. This number, along with the actual
number of observations that fall into each category, may be
compared to a table of P-values to either accept or reject the
hypothesis of randomness at a chosen level of significance.
Note that when the number of observations in each category
is greater than or equal to ten, the sampling distribution ap-
proaches a normal distribution, and a Z-test may be used. As
an example (Walpole and Myers, 1989), test the hypothesis
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that the numbers 3.6, 3.9, 4.1, 3.6, 3.8, 3.7, 3.4, 4.0, 3.8, 4.1,
3.9, 4.0, 3.8, 4.2, 4.1 are random. The mean for the series is
3.9. Letting the numbers be replaced by a “ +”if the number
is greater than 3.9, “—""if the number is less than the mean,
and omitted if it equals the mean, leads to the sequence
-+ - - — —+++ + — + +, which contains 6 “runs” of 7
plusses and 6 minuses. Two times the corresponding P-value
is 0.592, which is greater than 0.05. As a result, the hypothe-
sis is not rejected.

The output data are separated into segments of length S,
and run tests are performed on the three aspects for increas-
ing values of S. The largest value of S that does not fail the
stationarity test may be used as the window length in the
coherence estimation procedure. The run tests were per-
formed at a 95% significance level, and windows of length S
were determined to be quasi stationary over short lengths if
80% of the segments passed all three run tests. By compari-
son, Cohen et al. (1977) accept as stationary window lengths
with pass rates for half-periods of 65%, so there is reason to
believe that the criteria used in this work are conservative.

Figure 3 shows that a linear unstable system (¥ = 0.01x — u)
with bounded output can be successfully analyzed with a win-
dow length of 256 points. Note that this figure introduces a
consistent three-graph pattern that is employed for all of the
subsequent coherence plots: a coherence graph is located
above its corresponding input and output graphs. The system
%=0.01x —u’® has an output that is nonstationary for seg-
ment lengths of 256, but is quasi stationary for segments of
length 32. Note that using a shorter segment length results in
a loss of resolution in the coherence analysis, as shown in
Figure 4.

While this approach has been successfully used in practice
(Cohen and Sances, 1977; Oppenheim, 1970), it does suffer
drawbacks, as outlined in (Kodera et al., 1978). An alterna-
tive approach, not followed in this work, would use a true
time-frequency representation such as the Wigner-Ville dis-
tribution to assess the changes in the spectra with frequency
and time (Flandrin and Escudié, 1984; Flandrin, 1986; White
and Boashash, 1990). This would remove the requirement of
a quasi-stationary signal.

Coherence
o
o -
-

Input

45
3 ° W 1
=1
o ¢ -
-5 N N N " L . N i
0 5 10 15 20 25 30 35 40 45
Time

Figure 3. Coherence analysis for system x =0.01x — u.
N=8,192; 02 =12¢ ~4; t, = 0.005; k= 0.001; S = 256.
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Figure 4. Coherence analysis for system x =0.01x — u?®.
N=8,192; g2 =12¢ ~4; 1, = 0.005; h = 0.001; S = 32.

Multivariate coherences

Coherence analysis is defined for one input signal and one
output signal. Obviously, with a multivariable system, a num-
ber of coherences can be calculated. If there is no noise added
to the output, and the inputs are uncorrelated, the coher-
ences for all inputs may be summed for each output to deter-
mine a system nonlinearity (Bendat and Piersol, 1986, 1993),
called the cumulative coherence.

Assume that we have a system with two inputs and one
output, y. Then G,, =G,, + G,,, where G, is the autospec-
tral density of the output, and G,, and G,,, are signal densi-
ties arising from linear and nonlinear relationships with the
two inputs. This can be rewritten as

Gy, | G, \* G,
G,.=G,,—|—=—| G,-|=%] =2G
nn yy G11 11 ( G“ G22 12
Gy, \" Gy, Gy, [*
1= =26,,-1==| Gy, (27
(Gzz)Gu 27| G,| O @

where 1 and 2 in the subscripts represent the first and second
inputs. Since the inputs are uncorrelated, G, = G, = 0, and
Eq. 27 becomes

2
Gll -

Gy, [°
= G22 = [l_ylzy ‘—722)/]ny’

G22

Sy

G G, -
Gy

nn = yy

(28)

and y{, +v3, is clearly a measure of the output’s overall lin-
earity with respect to the two inputs. Note that if the individ-
ual variables are scaled with respect to expected fluctuations
(Skogestad and Postlethwaite, 1996), then the individual co-
herences for each input, Yiys reflect the fraction of energy
accounted for in the output by a linear relationship with the
input i. Consider an application of multivariate coherence
analysis to the OCS problem. A relatively small coherence in
one OCS input channel (i.e., process output) in the case where
the cumulative coherence is nearly one indicates that that
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Figure 5. Coherence analysis for the system x=—-x+

u,+u,.
N=28192; a2 =1; t, = 0.005; h=0.001; § = 256.

channel has a relatively low gain with respect to the OCS
output (i.e., process input) for that chosen scaling.

For example, Figures 5 and 6 show coherences calculated
for the system X = — x +u; + nu, for n=1, and 2.5, respec-
tively. Note that the frequency scale is normalized to the
Nyquist frequency. Although inputs u, and u, each have a
linear relationship to X in both figures, the presence of the
other signal impedes the analysis of nonlinearity for the indi-
vidual channels. However, the two signals sum to one (within
the bounds of estimation error), indicating that the output is
fully explained by linear relationships with the two inputs.
Note the effect of varying the relative gains of the two inputs
upon the coherences. The coherences between the inputs and
the output are suppressed and raised in tandem with the val-
ues of n. This allows this cumulative coherence test to ac-
count not only for the system nonlinearity, but the relative
weighting of two channels with respect to system dynamics.
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Figure 6. Coherence analysis for the system x=—x+
u,+2.5u,.

N=8,192; 0,2 =1; t, = 0.005; h = 0.001; S = 256.

432 February 1997

0.7 ¥ T T T
o == e AT .
05- ” - ,"’ \N’-"-
«’--\\ ,” i
,’ \§~’4’
8041 ’ J
5 rs
E ) == Input w1
Sosl §{/ ~ = Input u2 4
" -— Cumulative Coherence, u1 and u2
[ Input u
0.2¢ 1 J
4
"
d o ~ - ———— PR
oiH T - - ~ 4
; -
.'.
0 . A N N
0] 0.2 0.4 0.6 08 1

Frequency

Figure 7. Coherence analysis for systems x=0.01x —
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N=8,192; g2 =1;t,=0.005; h=0.001; S =32

This also holds true for systems with suppressed coherences,
as shown in Figure 7. The sum of the two coherences from
% =0.01x —u?—2u3 is equal to the coherence of ¥ = —0.01x
+ u® within the bounds of estimation error. Note also that
the multiple-input single-output (MISO) system is unstable,
demonstrating that instability does not defeat coherence
analysis if an appropriate segment length (to account for
nonstationarity) can be chosen.

Remark 2. Note that the application of coherence analysis
to the OCS implies a general analysis of the input—output
properties of this operator. As discussed earlier, an optimal
solution is the single solution corresponding to the particular
TPBVP. Hence, the result proposed in this work involves a
“probing” of many possible initial conditions. It is worth not-
ing that although there is a single unique optimal trajectory,
under conditions of analyticity of the functions in Eqs. 11 and
12, the optimal solution holds for a neighborhood of initial
conditions (Al'Brekht, 1961).

Issues in OCS Formulation
Region of operation (scaling)

The region of operation of the process is one of the three
critical factors that determine the control-law nonlinearity of
a given system. This consideration is central to the question
of controller nonlinearity, as a control scheme that might be
feasible in one operating regime may not be feasible in an-
other. Furthermore, the breadth of an operating regime will
often correlate strongly with the appropriate controller de-
sign. Variable scaling is also of critical importance in a num-
ber of other systems tasks, such as process identification and
process optimization. For example, Guay et al. (1995) ele-
gantly and rigorously scale the process to an ellipsoidal
state-space region.

In the context of the OCS approach, control-input-variable
(process-output) scaling can be addressed directly, while
control-output-variable (process-input) scaling is handled in
an indirect manner. The input to the OCS represents the
plant measurements, and in the computation of the coher-
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ence for the OCS operator, arbitrary selection of the vari-
ance for this signal is possible. Thus control input variable
scaling is directly addressed by its two-norm. For control out-
puts (the manipulated variables for the process), the problem
is somewhat more complicated. An iterative procedure was
used in this work to determine bounds on the control inputs
that admit control outputs that are within suitable bounds
(e.g., saturation constraint bounds). There are, of course, al-
ternative approaches. For example, the linear or quadratic
approximation to the steady-state map may be examined to
approximately identify the input (process-variable) region as-
sociated with a given output (process-input) region. An alter-
native performance objective could be utilized, including a
weighting matrix for the states that would reflect the scaling
of the variables.

While rigorous analysis of the region of operation is not a
central theme to this research, the use of coherence analysis
as an open-loop nonlinearity measure provides a simplistic
but effective method to examine varying regions of operation.

Output feedback controller

In the preceding analysis, it has been assumed that the sys-
tem states are available for feedback through the OCS. How-
ever, in many systems, some states are not available for mea-
surement. Indeed, none of the states may be measurable. In-
stead, the unmeasured states may be estimated from avail-
able information, and then used by the OCS. The estimator
and OCS combination may be evaluated by any open-loop
nonlinearity test.

Optimal nonlinear state estimation — The extended Kalman
filter

The method of nonlinear state estimation used here is ex-
tended Kalman estimation, first introduced by Kalman in
Kalman (1960), and described more recently in Ray (1990)
and Lewis (1992).

The success of an estimation scheme rests on the observ-
ability of the system. Nonlinear observability tests are com-
plex, and often not tractable. Therefore, in general (Ray,
1990), nonlinear systems are analyzed by testing the local
weak observability of the linearized system at a number of
discrete operating points.

Consider the system:

2(8) = flx,u,t)+ GE(t)
x(0)=x,+ &,

y(t)=h(x,t)+n(r) (29)

where x, y, and u are the system states, measured outputs,
and inputs; ¢ and §, are random process disturbances; and
7(¢) is a measurement error, all assumed to be white-noise
processes. The noise-shaping matrix G is used to model
process disturbances that are nonwhite. Define the matrices
A and C by

a
4=
ax
oh
C=—. 30)
ax
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System 29 is weakly observable if the standard observability
matrix L, has rank equal to the state dimension. Ideally, this
test should be run at all points within the region of opera-
tion, a cumbersome task. However, the observability is often
determined by the system structure, and is not dependent
upon x, in a complex manner. In these cases, simple lin-
earized observability tests are usually adequate for nonlinear
problems (Ray, 1990), and the system may be said to be lo-
cally weakly observable (Hermann and Krener, 1977).

The extended Kalman filter is a nonlinear estimator based
on the Kalman filter which, in the case where all noises are
Gaussian, as assumned in this article, is the optimal linear esti-
mator in the sense that it minimizes the variance on £, the
estimate of x. These estimates are updated (Eq. 31) by sum-
ming a term accounting for system dynamics with a correc-
tion factor K, called the Kalman gain, multiplied by the error
between the real and estimated measurements.

2t 16,) = f(£,00)+ Kly(ep) - h(£,1)]. (3D

In Eq. 31, £(¢,{¢,) are estimates for x at time ¢, given all the
informaticn available up to and including time ¢,. In this case,
t; is the actual time of the estimation.

The Kalman gain K is given by

K =P 11)RIQ(,), (32)
where the error covariance matrix P is determined by

P(ts1t,) = P(t | 1) AT+ AP(t,\1t))
~ P(t;1t)CTQCP (¢, 1)+ GR™'G(1))
P(010) = P,. (33)

Diagonal matrices P,, R(t), and Q(¢) are chosen to reflect
the error in the initial estimate and the covariances assumed
for £(¢) and 7(¢) in Eq. 29. Equation 33 should be recognized
as a Riccati equation. Generally, for the following analyses,
errors in the initial estimate and process model are small,
and so P(0) and R(¢) should be small. In contrast, to ensure
that errors between the estimated and real measurements are
quickly eliminated, @ is chosen to be relatively large.

The use of the Kalman filter in tandem with the OCS is
demonstrated in the following case studies.

Case Studies
CSTR with van de Vusse kinetics case study

The CSTR with van de Vusse kinetics (van de Vusse, 1964)
is a model of a real process to produce cyclopentanol from
cyclopentadiene, with a number of competing side reactions
(Engell and Klatt, 1993a). The reaction scheme is modeled by

e B->C
2¢—- D (34)
where @ is the reactant, cyclopentadiene, ® is the product,

cyclopentanol, and € and ® are unwanted side products
cyclopentandiol and dicyclopentadiene, respectively. Assum-
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Table 2. Constants for the Nonisothermal van de Vusse

Table 3. Operating Points for Nonisothermal van de Vusse

Example Reactor
Feed concentration of @ (Constant) x,, mol/L 5.1 Point: A B
Collision factor for reaction @ = & k;,, 1/h 1.287¢12 p
Collision factor for reaction 8~ € ks 1/h 1.287e12 cone.of @ inreactor  x,,  mol/L 24040 10569
Collision factor for reaction @ — D ks, 1/h 9.043¢9 Tome O anoeactor *2a O /L aros” o 9~3109
Activation energy for reaction @—» ® E;, K -9,758.3 Fee dpn.'a te ¢ *3.55 1 30’ 0. 2?
Activation energy for reaction 8 > € E, K -9,758.3 Uss /h :
Activation energy for reaction @ - DE; K —8,560
Volume of reactor Vg L 10

AH, kl/mol A 42
AH,kl/molB —11

Enthalpy of reaction @ —> &
Enthalpy of reaction 8 - €

Enthalpy of reaction @ > D AH;kl/molA —41.85
Heat removed by heat exchanger Q kl/h —4,496
Density p keg/L 0.9342
Heat capacity C, kl/kg'K 3.01
Temperature of feed stream T{; K 403.15

ing a thermal system where the coolant dynamics can be ne-
glected and the cooling rate assumes a constant value Q, the
mass balances for @ and ® as well as the heat balance for
the reactor are (Engell and Klatt, 1993a):

u
. 2
Xy =7 (xyg— xy) —kyx; — kyxj
Vr
) u
Y= =% +kix,—kyx,

R

1
t.=——[k —AH)+k —-AH
X3 pCp[ 1% D+ kaxy( 2)

u
+kyx2(— AH)+ — (Ty— x3) +
3741 2 VR 0 3 PC,,VR

ky = kyge VA%
ky = ke B/

ky=kygeEvR*s, (35
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Figure 8. Steady-state concentration of species ® as a
function of reactor feed rate for the non-
isothermal van de Vusse reactor.
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The state variables x|, x,, and x; are the concentrations of
@ and ® and the reactor temperature; u is the manipulated
variable—the inlet flow rate; k|, k,, and &, are tempera-
ture-dependent Arrhenius rate coefficients; and R is the gas
constant. The remaining variables are defined in Table 2. For
the output feedback case study, it will be assumed that only
the concentration of the product and the reactor tempera-
ture are available as measured states, denoted

Yi= X

Vo= X3 (36)

A steady-state plot of the concentration of species ® (x,)
vs. the feed rate (u) (Figure 8) reveals regions where the gain
changes sign, for example, in the region around u = 9 (point
B), and regions where the relationship is very linear, for ex-
ample around u = 80 (point A). These operating points are
defined in Table 3. In regions where the gain changes sign,
the gain error exceeds 100%, and no linear controller with
integral action can stabilize the system (Morari and Zafiriou,
1989). Although the OCS cannot strictly reproduce this be-
havior, it may be expected to exhibit greater nonlinearity at
operating point B than point A as « approaches zero. The
steady-state plots of x; vs. u and x; vs. u are given in Fig-
ures 9 and 10.

If it is assumed that the system nonlinearity can be as-
sessed from the steady-state plots, the system in the region
around point A will be relatively linear, with simple dynamics
and little interaction, placing it within the bottom, left, front

3.5 T T T v T T

N
[3)
T

N
T

Concentration of Species A

1.5¢

1 L — " 2

0 20 40 60 100 120 140 160

Feedrg?e(vh)

Figure 9. Steady-state concentration of species @ as a
function of reactor feed rate for the non-
isothermal van de Vusse reactor.
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Figure 10. Steady-state reactor temperature as a func-
tion of reactor feed rate for the nonisother-
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subcube of the process characterization cube. Around point
B, the system appears relatively nonlinear, has difficult dy-
namics and has little interaction, which would place it within
the bottom, right, back subcube (Ogunnaike and Ray, 1994).

where the OCS operator 9 has inputs x;, x,, and x; and
output u. The “reverse-time” Jacobian for Point B is

—-40.0221 30.809 91.1011
0 -30.809 120.521 {, (38)
—2.2559 0.460509 6.91434

which has eigenvalues —46.557, —8.67992+3.12143i, and
—8.67992 —3.12143i. The reverse-time Jacobian for Point A
is

—103.969  63.1361  513.415
0 —63.1361 246.981 (39)
~11.6749  5.08348  40.5048

which has eigenvalues —97.3357, —14.6324+38.361i, and
—14.6324 —38.361i. For both points, the OCS is stable when
integrated in reverse time.

Measurement-feedback OCS

The output-feedback model for the CSTR with van de
Vusse kinetics is given by Egs. 35 and 36. The observability
matrix

i 1
0 0 kl,ss T[kl,:sAHl+2k3,::x1,ssAH2]
pPLp
_1 5
L,= 10 —u—kZ,:s ;C_p[kZ,ssAHZ] (AT) cT (40)
0 1 x akl,ss -—x &kz,s: ax3,ss
b ax},ss 25 dx’j,ss ax3,ss i

State-feedback OCS
The state-feedback OCS is given by

Ay=—x,— A=k, —2kyx; —u)— Ak,
—(k,AH, +2k;AH x,)
— /\3
Cop
: —kAH,
C,p
. ok dk ok ok
A3=—x3—/\( X, — — x2 3) 2(x1 1_x2_2)
dx3 dx; dx; 9xs
9k, ak, dk,
xlAH1 +x2AH2——+x1AH3 -uC,p
X3
— A3
Cpp
= Mlx g = x) = Ap(= x) = A(Ty — x3)
u= X~ X 2 2 Mo X3 ’ (37
a
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will have rank three, equal to the state dimension, for all
points along the locus of operation as k,  # 0, where the
subscript denotes a steady-state value. Note that 4 and C
are defined in Eq. 30. This system should therefore be locally
and weakly observable.

The measurement-feedback OCS is

A== E = M= k¥ —2k3%, — u)— Ak
—(k{AH, +2k3AH %)
A3
C,p
. —k3AH,
b= == MR W= h—
Cop
i N . okf c?k* s ok¥ aky
3= Y2 il — %1 9y c9y2 2| X1 ys Y1 9y
ok} 3 . k%
- %,AH, — s +y1AH2 + X7AH, 3y —uC,p
— A3 2
Cpp
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£ ==k % k£ u(xg— %)
+(Q1 Py + Qo1 Pi)(yy = £3) +(Q1p Py + Q2 Pi3)(y, — £3)
%y =k Ry — kyRy —uky +(0)1 Py + 0y Py)(y; — £5)
+(Q12 Py + Q2 P3)y, — £3)

) 1
f3= e [k 2 (= AH )+ k,2,(— AH,) + k3 £3(— AH,)]
4

Q
+u(Ty— £3)+ —— +(Q1P5 + 0, P33)(y, — )
0o~ %3 pC,Vr 132 ¥ Lo 5300y — X,

+(Q12 Py + 02 P33)(y, — £5)
P = AP+ PAT+ GR™'GT - PCTQCP
= Alxyg = %)= A (= y)— AT — )

[24

ky=kigeB5 ky =k ky=kyetvh
k¥ =k10eEW2 k¥ =kgef k¥ = ket

(41)

. ks
—k—=2%— 0
0x5

) ok, ok,
~ HAH — — HAH,—=

1
x5 0% - k,AH,

where the inputs to the operator are y, and y,, and the out-
put is u. In the state-feedback OCS, the values of x, are
determined by the input signal. In the output-feedback OCS
formulation, the values of x, are estimated, and are free to
vary as determined by the equations given earlier. As a re-
sult, the results for the output feedback OCS will not neces-
sarily match the results for the state-feedback OCS.

The Jacobians, which are omitted due to length, were eval-
uated at points A and B for a number of values of «. The
eigenvalues indicate that this OCS has both left and right
half-plane poles, so the measurement-feedback OCS is unsta-
ble in both the normal and “reverse” time sense. This implies
that although coherence measurements are still possible, care
must be taken to ensure that the outputs are bounded and a
segment length is chosen to ensure quasi stationarity. The
measurement-feedback OCS was integrated in reverse time
when generating the results used in the next subsection.

Coherence analysis results

Results are shown for a = 0.1, as OCSs with smaller values
of a could only be integrated with difficulty. The results de-
tailed in this article are representative: the inputs, outputs,
and coherences for specific input—output channels for many
additional simulations may be found in Stack (1995). The
outputs were subjected to the run tests for stationarity, as
detailed in the subsection on nonstationary data. Windows of
length 32 points were found to be appropriate, and are used
in all analyses of the thermal van de Vusse OCS.

The individual channel coherences for one test of the
state-feedback OCS at point A are given in Figure 11. Note
that these figures use a consistent three-graph pattern: a co-
herence graph is located above its corresponding input and
output graphs. These show that the dynamics for the chosen

Cyp C,p

R;' 0 0 0 0 0
Ry 0 |=|o 00001 0
0 0 Rl {0 o 00001

0, Qu] [25000 0 ]

210, 0n|| o 25000 “?

This OCS has the input-output form 9 given by

A=Ay, y,)

u=m2(A’ylsy2aa)) (43)

436

February 1997

region of operation are dominated by a relatively linear rela-
tionship between input x,, the reactor temperature, and the
output, while inputs x; and x, have no linear relationship
with the output. Similarly, the individual channel coherences
for one test of the measurement-feedback OCS at point A
are given in Figure 12. Again, the dynamics are dominated by
a relatively linear relationship between input y,, the reactor
temperature, and the output, while y, has no linear relation-
ship with the output. Assuming that the regions of operation
for tests are realistic, these results imply that a control scheme
should emphasize control of the reactor temperature for ei-
ther a state-feedback, or more realistically, an output-feed-
back case.
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Figure 11. Coherence analysis for the state-feedback
nonisothermal van de Vusse reactor for point
A with « =0.1.
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(x3,,/250)% t, = 0.0005; & = 0.0001; S =32. (a) Input x.
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Cumulative coherence estimation results are presented for
two sets of scaled input conditions (labeled scalings 1 and 2
on the figures) for the state-feedback OCS in Figure 13, and
for the measurement-feedback OCS in Figure 14. For both
problem formulations, point B was determined to be more
control-law nonlinear than point A for both sets of scaling.
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Figure 12. Coherence analysis for the measurement
feedback nonisothermal van de Vusse reac-
tor for point A with « =0.1.
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0.0005; ~ = 0.0001; S = 32. (a) Input y,. (b) Input y,.

This is consistent with the expected results described earlier:
since no integrative linear controller can control the system
at point B in the regulatory case, it was expected that point A
would be more control-law linear than point B.

The OCS approach also detects changes in the control-law
nonlinearity as the region of operation changes for a particu-
lar operating point. For both the state-feedback and mea-
surement-feedback analyses, the coherence estimates for
point A fall at higher frequencies as the region of operation
for the reactor temperature is widened, or as we move from
scalings 1 and 2 on the figures. As a result, the frequency
range over which there is a significant difference in the con-
trol-law nonlinearity of points A and B shrinks as the as-
sumed variance in the reactor temperature increases.

The same tests were repeated using equal (or unscaled)
inputs for both points on the same order of magnitude as the
inputs used in Figures 13 and 14. The results were virtually
the same as for the scaled case.

The control-law nonlinearity of the points could also be
examined for output, rather than input, regions of operation
by imposing constraints on the energy of the output. Unlike
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Figure 13. Cumulative coherence analyses for the
state-feedback thermal van de Vusse reactor
with a =0. 1

N =8,192; o2 (x“,/100)2, a2 (x2,5/100)2, ol
(x34,/1, 000)2 (scalmg 1), o'x (x;,jZSO) (scaling 2); t, =
0.0005; # = 0.0001; § = 32.

the previous results, point A was found to be more control-law
nonlinear than point B over the examined frequency range.
However, to excite comparable outputs, it is necessary to use
input variances for the reactor temperature for point A ap-
proximately an order to magnitude larger than the inputs used
for point B. For example, to generate an output bounded by
+0.1(1/h) for the output feedback case the input variances
for point A were ay =0. 0066 and o-y = 0.2535 compared to

=0.000065983 and o,, 2= 0.0158 for point B. Therefore,
smple comparisons based on a common output region of op-
eration are questionable, and need to be interpreted with
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Figure 14. Cumulative coherence analyses for the mea-
surement feedback thermal van de Vusse re-
actor with a =0.1.

N 8,192; o, (y“s/100)2 21 (y,,,/1,000)? (scaling 1);

o (ym/lo) , 050 (yy, ,,/250)2 (Scaling 2); t; = 0.0005; h
=10.0001; S = 32.
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care. Note that this is the opposite conclusion from results
for the batch reactor in Stack (1995), where comparison based
on the input was uninformative, and the output was the ap-
propriate basis for comparison.

Conclusions

Control-law nonlinearity, defined for this article as the ap-
propriate degree of nonlinearity in the controller for a sys-
tem, has been assessed using the OCS approach. Previously,
the OCS approach had only been developed for SISO state-
feedback systems. In this article, the approach is extended to
systems with output feedback through the introduction of an
appropriate Kalman filter. It is also demonstrated that coher-
ence estimation can be used to measure the nonlinearity of
an output relative to multiple inputs. With these two ad-
vances, the OCS can now be used to analyze multivariate sys-
tems with measurement feedback, showing the potential to
be used as a design tool in practical situations. It is demon-
strated that coherence estimation can be performed upon
nonstationary data as long as a segment length can be found
that is quasi stationary. These capabilities, taken together,
suggest that a wide range of nonlinear systems should be
amenable to assessment by the combination of the OCS and
coherence analysis.

The CSTR with van de Vusse kinetics, an example of a
real process featuring output feedback, was analyzed for both
the state-feedback and output-feedback cases. The OCS ap-
proach correctly discerned the difference in control-law non-
linearity between an operating point that contains a change
in the sign of the gain, indicating that the system cannot be
controlled by any linear controlier with integrative action at
that point, and an operating point where the sign does not
change. Furthermore, changes in the control-law nonlinearity
with the variance in the reactor temperature were observed
at high frequencies, emphasizing that the control-law nonlin-
earity strongly depends upon the region of operation chosen,
and is frequency dependent.
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Notation

A =system Jacobian
C =output Jacobian
h = integration time
m(t) =mean function
N =number of points used for estimation
R(¢,r) = covariance function
t, =sampling time
* =complex conjugate
o? =input variance
7 =time constant
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